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We investigate the Kapranov rank functions of tropical matrices for
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the rank-product inequality holds for Kapranov rank, and we prove
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1. Introduction
The tropical semiring (R,⊕,⊗) is the set of real numbers equipped with the operations of tropical
addition and tropical multiplication:
a ⊕ b = min{a, b}, a ⊗ b = a + b for all a, b ∈ R.
There are many different important concepts of a rank for matrices over the tropical semiring. Most of
these concepts have been described in [1,2,5,8]. We are interested in the functions of Kapranov rank.
Throughout this paper we use the symbolF for designation of a field, byF∗ we denote the set of all
nonzero elements of F. By HF[[t]] (or simply HF) we denote the field whose elements are the formal
sums
a(t) = ∑
e∈R
aet
e, ae ∈ F,
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such that the support E(a) = {e ∈ R : ae = 0} is a well-ordered subset of R. The degree map
deg : H∗
F
→ R takes a sum to the exponent of its leading term, that is deg a = min E(a). The element
a0 ∈ F is called the constant term of a. The degree of the zero element of HF is assumed to be +∞.
Now let A ∈ Hm×n
F
, B ∈ Rm×n. If deg aij = bij for all indexes i and j, then we write B = deg A and
say that A is a lift of B. The Kapranov rank of B can be defined in the following way (see [5, Corollary
3.4]).
Definition 1.1. The Kapranov rank of amatrix B ∈ Rm×n with respect to a ground fieldF is the smallest
rank of any lift of B. More formally,
KF(B) = min
{
rank(A)
∣∣∣ A ∈ Hm×n
F
, deg A = B
}
,
where rank is the classical rank function of matrices over the field HF.
The tropical rank plays an important role for studying tropical matrices.
Definition 1.2. The tropical permanent of a matrix S ∈ Rn×n is defined as
perm(S) = min
σ∈Sn
{
s1,σ (1) + · · · + sn,σ (n)} , (1)
whereSn denotes the set of all permutationson {1, . . . , n}. S is called tropically singular if theminimum
in (1) is attained at least twice. Otherwise S is called tropically non-singular.
Definition 1.3. The tropical rank, trop(M), of a matrixM ∈ Rp×q is the largest number r such thatM
contains a tropically non-singular r-by-r submatrix.
The following statement gives a basic property of the Kapranov rank.
Proposition 1.4 [5, Proposition 4.1]. If A ∈ Rm×n, then KF(A)  trop(A).
The notion of Kapranov rank was investigated in [4,5,7]. In [5] the connection with realizability
of matroids was pointed out. It was proven that a matroidM is realizable over an infinite field F if
and only if the cocircuit matrix C(M) ofM is such that trop(C(M)) = KF(C(M)). The example of a
matrix C ∈ R7×7 such that trop(C) = 3, KC(C) = 4 is provided in [5]. In [5] it is also shown that the
Kapranov rank of a matrix may depend on a field F even if F is assumed to be algebraically closed.
In [4] it is proven that trop(A) = KC(A) for any matrix A ∈ Rd×n such that min{d, n}  5. An
example of a matrix B ∈ R6×6 such that KC(B) > trop(B) is given by [9], B has the minimal size
among all matrices with different tropical rank and Kapranov rank overC.
In [7] for matrices M ∈ {0, 1}m×n it is proven that determining whether KF(M) = 3 has the
computational complexity of solving a system of Diophantine equations over F. For any infinite field
F it is shown that computing KF(M) is NP-hard. In [7] it is also shown that there exist matrices with
tropical rank 3 and arbitrarily high Kapranov rank.
In our paper we consider the following condition for tropical matrices
If C = A ⊗ B, then rk(C)  min {rk(A), rk(B)} , (2)
where rk is a certain rank function of tropical matrices.
The rank-product inequality, that is the condition (2), was investigated for many different rank
functions of tropical matrices but not for Kapranov rank. The rank-product inequality was proven to
hold for determinantal and tropical ranks in [1], for factor rank in [2], for Gondran–Minoux ranks
in [10]. Certain rank functions, e.g. the row and column ranks and the maximal weak rank, fail to
satisfy the rank-product inequality, see [1].
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The connection between the rank-product inequality and Green’s preorders on the semigroup of
tropicaln-by-nmatriceswaspointedout in [6].Green’spreordersR,L, andJ onanarbitrary semigroup
S are defined as follows. For a, b ∈ Swewrite a R b if either a = b or a = bc for some c ∈ S, a L b
if either a = b or a = db for some d ∈ S. We write a J b if a L b, or a R b, or a = s1bs2 for some
s1, s2 ∈ S. A real-valued function f on S is said to respect the J -order if a J b implies f (a)  f (b).
In [6] itwas shown that a rank function rk respects theJ -order on a semigroup (Rn×n,⊗) if and only if
the condition (2) holds for tropical n-by-nmatrices. The determinantal, tropical, factor, and Gondran–
Minoux rankswere shown to respect theJ -order. On the other hand, in [6] it was shown that theweak
rank does not respect the J -order. Relationships between the Kapranov ranks and Green’s relations
have never been investigated before and also deserve a detailed study, see [6].
In this paper we investigate the Kapranov rank functions of tropical matrices for different ground
fields. In Section 2, for any infinite ground field it is shown that the Kapranov rank satisfies the rank-
product, rank-sum, and rank-union inequalities and respects Green’s orders on (Rn×n,⊗). We show
that the Kapranov rank fails to satisfy the rank-product inequality if a ground field is finite. In Section 3,
we study the relationships of the Kapranov and tropical ranks. We construct a non-matroidal example
of a01-matrixAwithdifferentKapranovand tropical ranks. This7-by-7matrix is such that trop(A) = 5,
KF(A) = 6 and gives a counterexample for a conjecture of Chan, Jensen, and Rubei.
2. Arithmetic behavior of Kapranov rank
In this section we consider tropical analogues of classical inequalities for the ranks of the sum,
product, and union of matrices. We show that the Kapranov rank satisfies the rank-product inequality
if and only if a ground field is infinite. For any infinite ground field the Kapranov rank is shown to
respect Green’s orders on (Rn×n,⊗). For every finite ground field we provide an example of a matrix
with tropical rank 2 and Kapranov rank 3.
The block matrix (A|B) is called the union of tropical matrices A ∈ Rm×u and B ∈ Rm×v . In other
words, the union of A and B is the tropical matrix C ∈ Rm×(u+v) such that cij1 = aij1 and ci,u+j2 = bij2
for i ∈ {1, . . . ,m}, j1 ∈ {1, . . . , u}, j2 ∈ {1, . . . , v}. The rank-union inequality for Kapranov rank
holds for every ground field.
Proposition 2.1. Let A ∈ Rm×u, B ∈ Rm×v. Then KF(A|B)  KF(A) + KF(B).
Proof. From Definition 1.1 it follows that there exist matrices R ∈ Hm×u
F
, S ∈ Hm×v
F
such that A =
deg R,B = deg S, rank(R) = KF(A), rank(S) = KF(B). Thendeg(R|S) = (A|B).Moreover, any (KF(A)+
KF(B)+1) columns of thematrix (R|S) contain either (KF(A)+1) columns ofR or (KF(B)+1) columns
of S. Thus any (KF(A)+KF(B)+ 1) columns of (R|S) are linearly dependent overHF. By Definition 1.1,
KF(A|B)  KF(A) + KF(B). 
In what follows, we denote the ith row of a matrix B by bi·.
Lemma 2.2. Let the matrix B′ be obtained from a matrix B ∈ Rm×n by adding the row b0· = br· ⊕ bs·,
where r, s ∈ {1, . . . ,m}. Let F be an infinite field. Then KF(B′) = KF(B).
Proof
1. Let amatrix A ∈ Hm×n
F
be such that B = deg A. SinceF is infinite, some elementλ ∈ F∗ is different
from the constant term of any of the elements
ar1
as1
, . . . , arn
asn
∈ HF. Then for any k ∈ {1, . . . , n} it
holds thatdeg(ark−λask) = min {deg ark, deg λask} = min{brk, bsk}, that isdeg(ark−λask) = b0k .
2. Let A′ denote the matrix that is obtained from A by adding the row a0· = ar· − λas·. From item 1
it follows that B′ = deg A′. Moreover, any row of A′ is a linear combination of the rows of A. Thus
rank(A′) = rank(A). From Definition 1.1 it follows that KF(B)  KF(B′). On the other hand, B is a
submatrix of B′, so that KF(B)  KF(B′). 
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Corollary 2.3. Let the matrix B′ be obtained from a matrix B ∈ Rm×n by adding the row b0· =
m⊕
i=1
(ci ⊗ bi·), where {c1, . . . , cm} ⊂ R. Let F be an infinite field. Then KF(B′) = KF(B).
Proof. By B′′ we denote the matrix that is obtained from B by adding the rows
2⊕
i=1
(ci ⊗ bi·) ,
3⊕
i=1
(ci ⊗ bi·) , . . . ,
m⊕
i=1
(ci ⊗ bi·). From Definition 1.1 it follows that the tropical multiplication of rows
by real constants cannot change the Kapranov ranks of a matrix. Applying Lemma 2.2, we obtain
KF(B
′′) = KF(B). Note that B′ contains B as a submatrix and is a submatrix of B′′ itself. Thus KF(B′) =
KF(B). 
Nowwe can prove the rank-sum and rank-product inequalities for Kapranov rank of matrices with
respect to an infinite ground field.
Theorem 2.4. Let F be an infinite field, A ∈ Rm×k, B ∈ Rk×n. Then KF(A ⊗ B)  min{KF(A), KF(B)}.
Proof. By B′ we denote the matrix that is obtained from B by adding the rows
k⊕
i=1
(a1i ⊗ bi·) , . . . ,
k⊕
i=1
(ami ⊗ bi·). From Corollary 2.3 it follows that KF(B′) = KF(B). Note that the matrix A ⊗ B is a
submatrix of B′, this implies KF(A ⊗ B)  KF(B′) = KF(B). Finally, by Definition 1.1, a matrix and its
transpose have the same Kapranov ranks. We obtain KF
(
(A ⊗ B)
)
= KF(B ⊗ A)  KF(A), or
KF(A ⊗ B)  KF(A). 
Theorem 2.5. Let F be an infinite field, A, B ∈ Rm×n. Then KF(A ⊕ B)  KF(A) + KF(B).
Proof. Let g denote the greatest number which appears as an entry of A or B, and l denote the least
number with this property. By E ∈ Rn×n we denote the matrix such that eii = 0, eij = g − l for any
different i, j ∈ {1, . . . , n}. Note thatA⊗E = A,B⊗E = B. Then (A|B)⊗
⎛
⎝ E
E
⎞
⎠ = A⊕B. By Theorem2.4,
KF(A ⊕ B)  KF(A|B). Thus from Proposition 2.1 it follows that KF(A ⊕ B)  KF(A) + KF(B). 
Theorem 2.4 implies that the condition (2) holds for the Kapranov rank in the case of an infinite
ground field. This means that in this case the Kapranov rank respects Green’s orders on the semigroup
(Rn×n,⊗) for all n. The same is not true for finite ground fields. For any finite ground field we will
show that the Kapranov rank of the product of two matrices may exceed the Kapranov rank of one of
them.
Example 2.6. Let F be a finite field, n = |F| + 1. Let B ∈ Rn×n be such that bij = 1 for i = j, bij = 0
otherwise. Then trop(B) = KF(B) = 2.
Proof. Let F = {0, e1, . . . , en−2}. We construct a matrix A ∈ Hn×nF in the following way. We set
ann = t, an−1,n = 1, an−1,n−1 = t, anp = 1, an−1,q = eq+t for p ∈ {1, . . . , n−1}, q ∈ {1, . . . , n−2}.
For r ∈ {1, . . . , n − 2}, s ∈ {1, . . . , n} we set ars = erans − an−1,s. Note that deg A = B. By the
construction, every row of A is a linear combination of the two last rows of A. This implies rank(A)  2.
ByDefinition1.1,KF(B)  2.ApplyingdirectlyDefinition1.3,weobtain trop(B) = 2.ByProposition1.4,
KF(B) = 2. 
Example 2.7. Let F be a finite field, n = |F| + 1. Let C ∈ Rn×n be such that cij = 1 for i = j < n,
cij = 0 otherwise. Then trop(C) = 2, KF(C) = 3.
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Proof
1. Let A ∈ Hn×n
F
be a lift of C. Then deg A = C, so we have deg an−1,k = deg ank = 0 for any
k ∈ {1, . . . , n−2, n}. Hence an−1,k
ank
= fk+gk , where fk ∈ F∗, deg gk > 0. The pigeonhole principle
implies that fu = fv for some u, v ∈ {1, . . . , n − 2, n}, u < v. Thus deg( an−1,uanu −
an−1,v
anv
) > 0, so
we have that deg(an−1,uanv − an−1,vanu) > 0.
2. Consider the following 3-by-3 submatrix of A:
A′ =
⎛
⎜⎜⎜⎝
auu auv au,n−1
an−1,u an−1,v an−1,n−1
anu anv an,n−1
⎞
⎟⎟⎟⎠ .
Since deg A = C, we see that auu and an−1,n−1 are the only entries of A that have a nonzero degree,
and deg auu = deg an−1,n−1 = 1. Thus,
det A′ = −auvan−1,uan,n−1 + au,n−1(an−1,uanv − an−1,van,u) + h1,
where deg h1 > 0. By item1, deg(an−1,uanv−an−1,vanu) > 0, consequently deg det A′ = 0. Hence
det A′ = 0, so we see that rank(A)  3. By Definition 1.1, KF(C)  3.
3. On the other hand,C differs from thematrixB fromExample 2.6 by the only entry cnn. Consequently
from Proposition 2.1 it follows that KF(C) − KF(B)  1, so we have KF(C)  3. Then by item 2,
KF(C) = 3. Applying directly Definition 1.3, we obtain trop(B) = 2. 
Example 2.8. Let F be an arbitrary finite field, n = |F| + 1, B be the matrix from Example 2.6. We
define the matrix D ∈ Rn×n by setting dij = 0 if either i = j or (i, j) = (n, n − 1), and dij = 1
otherwise. Let D be the transpose of D. Then KF(D ⊗ B) = KF(B ⊗ D) > KF(B).
Proof. Note that D ⊗ B = B ⊗ D = C, where C is the matrix from Example 2.7. Thus the result
follows from Examples 2.6 and 2.7. 
3. Kapranov ranks and tropical rank
In this section we study the relationships between the Kapranov rank and tropical rank. We con-
struct a non-matroidal example of a 01-matrix A with different Kapranov and tropical ranks. This
7-by-7 matrix is such that trop(A) = 5, KF(A) = 6 and gives a counterexample for Conjecture 1.6
of [4].
Relationships between theKapranov and tropical rankswere investigated in [4,5,7,9]. Itwas proven
that the tropical rank of a matrix cannot exceed its Kapranov rank, see [5, Proposition 1.4]. In the case
of an infinite ground field, the tropical and Kapranov ranks of amatrixwere shown to coincide if either
of them is less than 3, see [5, Theorem 6.5]. However, Example 2.7 shows that there existmatriceswith
tropical rank 2 and Kapranov rank 3 if the ground field is finite. It was proven that matrices of tropical
rank 3 may have arbitrarily high Kapranov ranks, see [7, Theorem 2.4].
Themain result of [4] shows that KC(A) = trop(A) for anymatrix A ∈ Rd×n such thatmin{d, n} 
5. The example of a matrix B ∈ R6×6 such that KC(B) = 5, trop(B) = 4 is provided in [9], this matrix
has the minimal size among matrices D such that KC(D) = trop(D).
Let A ∈ Rd×n. It is known that KC(A) = trop(A) if trop(A)  d − 1 — see [5, Theorem 5.5]. Chan,
Jensen, and Rubei conjectured (see [4, Conjecture 1.6]) that also KC(A) = trop(A) if trop(A) = d − 2.
The following example shows that this conjecture fails even for 01-matrices.
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Example 3.1. Let
A =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 1 1 0 1 1
0 0 1 1 1 1 1
1 0 0 1 1 0 1
1 1 0 0 1 1 0
1 1 0 0 0 1 1
1 1 1 1 0 0 0
1 1 1 1 1 0 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3)
Then trop(A) = 5, and KF(A) = 6.
Proof
1. Consider the 5-by-5 submatrix which is formed by the 2nd, 3rd, 5th, 6th, and 7th rows and the 1st,
2nd, 3rd, 5th, and 6th columns of A:
S =
⎛
⎜⎜⎜⎜⎜⎜⎝
0 0 1 1 1
1 0 0 1 0
1 1 0 0 1
1 1 1 0 0
1 1 1 1 0
⎞
⎟⎟⎟⎟⎟⎟⎠
.
Theminimum in the expression (1) for the tropical permanent of S is given only by the permutation
id ∈ S5. Thus by Definition 1.3, trop(A)  5.
2. A straightforward application of Definition 1.2 shows that any 6-by-6 submatrix of A is tropically
singular. Definition 1.3 implies that trop(A)  5. Thus by item 1, trop(A) = 5.
3. Let us consider the matrix
M0 =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 1 t t 1 t t
1 1 t t t t t
t 1 1 t t 1 t
t t 1 1 t t 1
t t 1 1 1 t t
t t t t 1 1 1
t t t t t 1 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∈ H7×7
F
,
which is a lift of A. The sum of the first and seventh rows of M0 is equal to the sum of the second
and sixth rows, so the rank ofM0 is at most 6. Thus by Definition 1.1, KF(A)  6.
4. Now let H ∈ H7×7
F
be an arbitrary lift of A. It follows directly from definitions that deg(ab) =
deg(a) + deg(b), deg(a + b)  min{deg(a), deg(b)} for any a, b ∈ HF. Since deg(hpq) = apq for
any p, q, we obtain the following expression for the minor H17:
H17 = h21h32h43h54h65h76 − h21h32h44h53h65h76 + g1, where deg(g1)  1.
Analogously, the minor H61 can be expressed as
H61 = h15h22h33h47h54h76 + h15h22h36h43h54h77 − h15h22h36h44h53h77 + g2,
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where deg(g2)  1. Denote  = h43h54 − h44h53, δ = deg(). We have
H17 = h21h32h65h76 + g1, deg(h21h32h65h76) = δ; (4)
H61 = h15h22h33h47h54h76 + h15h22h36h77 + g2, deg(h15h22h33h47h54h76) = 0,
deg(h15h22h36h77) = δ. (5)
It follows from definitions that deg(v1 + v2) = min{deg(v1), deg(v2)} for any v1, v2 ∈ HF such
that deg(v1) = deg(v2). Thus if δ < 1, then by (4), deg(H17) = δ, so in this caseH17 = 0. If δ  1,
then by (5), deg(H61) = 0, and now it holds that H61 = 0. We see that one of the minors H17 and
H61 is nonzero, consequently the rank of H is at least 6. By Definition 1.1, KF(A)  6. Now item 3
implies that KF(A) = 6. 
The tropical cocircuit matrix (see [5, Definition 7.1]) of a matroid M is a matrix C = C(M) with
rows indexed by the elements of the ground set of M and columns indexed by the cocircuits of M.
By definition, cij = 0 if the ith element is in the jth cocircuit and cij = 1 otherwise. Develin, Santos,
and Sturmfels (see [5, Proposition 7.2]) have proven that the tropical rank of C(M) equals the rank of
the matroid M. Theorem 7.3 of [5] states that M is representable over an infinite field F if and only
if the Kapranov and tropical ranks of C(M) are equal. However, the 01-matrix A from Example 3.1
gives a non-matroidal example of difference between the tropical and Kapranov ranks. Indeed, the
Kapranov rank of the 7-by-7 matrix A exceeds its tropical rank and is independent of a ground field,
while any matroid whose ground set contains at most 7 elements is representable over some infinite
field (see [3, Section 3(a)]). In particular, Theorem 7.3 of [5] now shows that A can not belong to the
subclass of cocircuit matrices of matroids.
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